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Abstract.
We study the initial conditions for cosmological N -body simulations for precision
cosmology. In general, Zel’dovich approximation has been applied for the initial
conditions of N -body simulations for a long time. These initial conditions provide
incorrect higher-order growth. These error caused by setting up the initial conditions
by perturbation theory is called transients. We investigated the impact of transient on
non-Gaussianity of density field by performing cosmological N -body simulations with
initial conditions based on first-, second-, and third-order Lagrangian perturbation
theory in previous paper. In this paper, we evaluates the effect of the transverse mode
in the third-order Lagrangian perturbation theory for several statistical quantities
such as power spectrum and non-Gaussianty. Then we clarified that the effect of
the transverse mode in the third-order Lagrangian perturbation theory is quite small.
PACS numbers: 02.60.Cb, 02.70.-c, 04.25.-g, 98.65.Dx
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1. Introduction
The structure formation in the Universe is one of the most important problem in modern
cosmology. The primordial density fluctuation has clustered by its self-gravitating
instability. On the other hand, the cosmic expansion avoids the formation of the
structure. The structure has been formed on the balance of self-contraction and cosmic
expansion [1, 2, 3, 4, 5, 6, 7, 8, 9]. Therefore when we analyze the evolution of the
structure, we would clarify the evolution of the Universe.
The cosmic expansion is affected by contents of the Universe. Recently, the
acceleration of the cosmic expansion is discovered [10, 11, 12]. Although the acceleration
of the cosmic expansion is caused by the cosmological constant, the existence of the
cosmological constant causes several problems [13]. Instead of the cosmological constant,
many dark energy models or modified gravitational theory has been proposed [14, 15].
The evolution of the large-scale structure would give the restriction to these models.
For the evolution of the large-scale structure in the Universe, N -body simulations
have been carried out for long time [16]. In the simulations, matter distribution is
represented with mass points and the interaction between mass points is calculated
numerically. N -body simulation can describe strongly nonlinear structure.
However, for N-body simulations, there is a problem about how to set up the initial
conditions. Even though the naive expectation is that it is better to start simulations
as early as possible, like recombination era, it is well known that this is extremely
difficult numerically. When we start N -body simulation at an early era, we promote the
evolution of the density fluctuation with Lagrangian perturbation theory (LPT) until
quasi-nonlinear stage. (For reviews of LPT, see for example [17, 18]) Then we connect
LPT and cosmological N -body simulations. In many case, the Zel’dovich approximation
(ZA) [19], i.e., the first-order LPT (1LPT) has been applied for the initial conditions of
N -body simulations for a long time.
Recently, Crocce et al. [20] proposed the improvement for the initial conditions.
Basically, they applied the second-order LPT (2LPT). With these initial conditions,
they calculate the statistical quantities such as non-Gaussianity and show the effects
of transients related with 2LPT initial conditions decrease much faster than the ones
related with ZA initial conditions, In other words, even if the difference of the initial
conditions between ZA and 2LPT is quite small, the difference appears at late time
manifestly. The transients with 2LPT initial conditions are less harmful than ones with
ZA initial conditions.
Here we have one problem. Is just taking 2LPT into consideration enough for the
initial conditions? Tatekawa and Mizuno [21] considered the transients with ZA, 2LPT,
and 3LPT initial conditions (hereafter, Paper I). They analyzed the non-Gaussianity of
the density field at 0 < z < 5. The difference of the non-Gaussianity by the difference
between 2LPT and 3LPT initial conditions was 1 % or less. When we requires percent
order accuracy, we should consider 2LPT initial conditions. Furthermore, when we
requires sub-percent order accuracy, we should consider 3LPT initial conditions.
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In Paper I, only a longitudinal mode in 3LPT has been considered. Even if we
consider only longitudinal mode in ZA, a transverse mode in 3LPT appears. Although
this transverse mode does not have meaning of a vorticity by Kelvin’s circulation
theorem, 3LPT is insufficient if the transverse mode is ignored.
In this paper, we consider both the longitudinal mode and the transverse mode in
3LPT for the initial conditions for the cosmological N -body simulations. In addition
to the non-Gaussianity of the density field, we analyze the evolution of the power
spectrum. The power spectrum is one of the most important statistical quantities in
modern cosmology.
This paper is organized as follows. In section 2, we present Lagrangian perturbative
equations valid up to the third-order. Here we derive both the longitudinal mode and
the transverse mode in 3LPT. The comparison of transient state is shown in section 3.
First, we briefly explain cosmological N -body simulation. Then we compare the power
spectrum and the non-Gaussianity of the density field between with the initial conditions
based on 1LPT, 2LPT, and 3LPT. Section 4 is devoted to conclusions.
2. Lagrangian perturbations
In this section, we briefly summarize evolution equations of Lagrangian perturbation
theory (LPT) valid up to the third-order. In LPT, the motion of cosmic fluid is
determined in Newtonian cosmology. The approach is based on the continuous equation,
Euler’s equation, and Poisson’s equation. The cosmic expansion is given by the
Friedmann equations. The detail of derivation for evolution equations were described
in Paper I [21].
In this paper, we consider the Lagrangian perturbation in which solutions for cosmic
fluid are already derived by several people [19, 22, 23, 24, 25, 26, 27, 28]. For this
purpose, it is necessary to define the comoving Lagrangian coordinates q in terms of the
comoving Eulerian coordinates x as:
x = q + s(q, t), (1)
where s is the displacement vector which denotes the deviation from the homogeneous
distribution.
It is worth noting that it is not the density contrast δ but the displacement vector
s that is regarded as a perturbative quantity in LPT. In the Lagrangian coordinates,
from the continuous equation, we can express the density contrast exactly as
δ = J−1 − 1 , (2)
where J is the determinant of the Jacobian of the mapping between q and x:
J = 1 +∇ · s+
1
2
(
(∇ · s)2 − si,jsi,j
)
+ det (si,j) , (3)
where ∇ means the Lagrangian spatial derivative.
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From the physical property, s can be decomposed to the longitudinal and the
transverse modes:
s = ∇S + sT = g(t)∇ψ(q) + gT (t)ζT (q) , (4)
∇ · ζT = 0 , (5)
The first-order perturbation is known as Zel’dovich perturbation [19].
g¨1 + 2
a˙
a
g˙1 − 4piGρbg1 = 0 . (6)
Hereafter, we consider only the growing solution. The spatial part ψ(1)(q) is given by
the initial condition. The transverse mode does not have growing solutions [22, 23]. We
ignore the transverse mode in the first-order perturbation.
The second- and third-order perturbative equations are as follows [24, 25, 26, 27,
28, 29].
g¨2 + 2
a˙
a
g˙2 − 4piGρbg2 = − 4piGρbg
2
1 , (7)
g¨3a + 2
a˙
a
g˙3a − 4piGρbg3a = − 8piGρbg1(g2 − g
2
1), (8)
g¨3b + 2
a˙
a
g˙3b − 4piGρbg3b = − 8piGρbg
3
1, (9)
ψ
(2)
,ii =
1
2
{
ψ
(1)
,ii ψ
(1)
,jj − ψ
(1)
,ij ψ
(1)
,ij
}
, (10)
ψ
(3a)
,ii =
1
2
{
ψ
(1)
,ii ψ
(2)
,jj − ψ
(1)
,ij ψ
(2)
,ij
}
, (11)
ψ
(3b)
,ii = det
(
ψ
(1)
,ij
)
=
1
6
ψ
(1)
,ii ψ
(1)
,jjψ
(1)
,kk −
1
2
ψ
(1)
,ii ψ
(1)
,jkψ
(1)
,jk +
1
3
ψ
(1)
,ij ψ
(1)
,jkψ
(1)
,ki . (12)
Even if we consider only the longitudinal mode in the first-order perturbation, a third-
order perturbation appears in the transverse mode.
g¨3T + 2
a˙
a
g˙3T = 4piGρbg
3
1, (13)
−∇2ζ
(3)
i =
(
ψ
(1)
,il ψ
(2)
,kl − ψ
(1)
,klψ
(2)
,il
)
,k
. (14)
Because of Kelvin’s circulation theorem, the growing mode of the transverse mode does
not mean evolution of vorticity.
3. Comparison of transient state
3.1. Numerical Calculations
In this section, we calculate the statistical quantities introduced in the previous section
in the ΛCDM model based on N -body simulations. For setting up the initial conditions,
we use COSMICS code [30] which generates primordial Gaussian density field usually
based on the ZA. We consider the case with those based on 2LPT and 3LPT, too.
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COSMICS package consists of 4 applications. GRAFIC generated Gaussian random
density fields (density, velocity, and particle displacements) on a lattice. Both the
velocity and the displacements are related to each other.
GRAFIC automatically selects the output redshift by the maximum density
fluctuation on a grid δmax for a given set of cosmological parameters. In order to obtain
the initial redshift, we adopt the following cosmological parameters at the present time
(z = 0) which are given by WMAP 7-year result [31]:
Ωm = 0.275 , (15)
ΩΛ = 0.725 , (16)
H0 = 70.2 [km/s/Mpc] , (17)
σ8 = 0.816 , (18)
n = 0.968 . (19)
We set the input maximum density δini = 0.3. The initial redshift z¯ ≃ 100. The
initial redshift is set by the input maximum density fluctuation. Because we set random
Gaussian fluctuation, the initial redshift is not fixed.
From the initial conditions, we follow the evolution of the particles based on N-body
simulation. The initial conditions are given by ZA (1LPT), 2LPT, 3LPT (longitudinal
mode only) and 3LPT (both longitudinal mode and transverse mode). Hereafter we
write 3LPT (longitudinal mode only) by ’3LPT L’ .
The numerical algorithm is applied by particle-particle particle-mesh (P 3M)
method [16] which was developed by Gelb and Bertschinger. The numerical code we use
is written by Bertschinger. For N-body simulations, we set the parameters as follows:
Number of particles : N = 5123 ,
Box size : L = 512h−1[Mpc] (at z = 0) ,
Softening length : ε = 50h−1[kpc] (at z = 0) .
For the simulations, we use 10 samples for an initial condition. After the
calculations, in order to avoid the divergence of the density fluctuation in the limit
of large k, however, just for a technical reason, it is necessary to consider the density
field ρm(x;R) at the position x smoothed over the scale R, which is related to the
unsmoothed density field ρm(x) as
ρm(x;R) =
∫
d3yW (|x− y|;R)ρm(y) , (20)
where we use the top-hat spherical window function by Eq. (21).
W˜ =
3(sin x− x cosx)
x3
, (21)
Throughout this paper, we choose the smoothing scale R = 2h−1[Mpc] (at z = 0).
Crocce et al. [20] analyzed the non-Gaussianity of the density field with both the
skewness and the kurtosis. They changed the smoothing scale R and compared the non-
Gaussianity with two different initial conditions which are based on the ZA and 2LPT,
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respectively. In Paper I [21], we analyzed the non-Gaussianity with three different initial
conditions which are based on the ZA, 2LPT, and 3LPT. From our results, when we set
the initial conditions based on 2LPT at z ∼ 30, the effects of the transients on both the
skewness and the kurtosis from 2LPT initial conditions become negligible until z ∼ 3.
In Paper I, we ignored the transverse mode in 3LPT. As we showed in Sec.2 even if
we consider only longitudinal mode in ZA, the transverse mode in 3LPT appears. In this
paper, we consider the effect of the transverse mode in 3LPT for the non-Gaussianity
in the density field.
3.2. Power spectrum
First, we analyze the power spectrum in the density field. The power spectrum is
widely applied for analyses about nonlinear evolution of the cosmic structure. Recently,
Baryon Acoustic Oscillation (BAO) has been discovered [32]. The power spectrum is
one of the most powerful tools for the analysis of BAO. Because this analysis requires
high accurate simulations, it is meaningful to compare the power spectrum between the
initial conditions based on ZA and higher-order perturbations.
Fig. 1 shows the difference of the power spectrum between the case of 3LPT initial
conditions and other initial conditions. The difference of the power spectrum between
3LPT and 1LPT is several percents during 0 < z < 10. The difference becomes
maximum at z ≃ 3. The difference of the power spectrum between the case of ZA initial
conditions and higher-order initial conditions becomes about several percents in small
scale. Especially high precision is required for the power spectrum such a case of BAO
analysis, at least 2LPT initial condition should be considered. In other words, when we
require 1% accuracy for the power spectrum, we must generate the initial conditions for
the cosmological simulations at least 2LPT. Especially when we consider deep survey
(z > 1), the choice of the initial conditions will become still more important. In near
future, the precision cosmology would require sub percents accuracy. In this case, we
will generate the initial conditions for the cosmological simulations at least 3LPT. Even
if sub percents accuracy is required, the transverse mode in 3LPT is neglegible.
3.3. Non-Gaussianity
Next, we notice a a one-point probability distribution function of the density fluctuation
field P(δ) the probability of obtaining the value δ plays an important role. If δ is a
random Gaussian field, the PDF of the density fluctuation is determined as
P(δ) =
1
(2piσ2)1/2
e−δ
2/2σ2 , (22)
where σ2 ≡
〈
(δ − 〈δ〉)2
〉
is the dispersion and 〈 〉 denotes the spatial average.
In this paper, we set the initial condition by random Gaussian field. If the growth
of the density fluctuation is linear, the density field still be Gaussian. The expected
tools to detect transients at large scales are the cumulants of the one-point PDF of the
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Figure 1. The difference between the power spectrum of the density distribution with
the initial conditions based on 3LPT and other perturbations: (a) z = 10, (b) z = 5,
(c) z = 2, (d) z = 0. The error bars are given by the difference between samples.
density fluctuation field whose orders are higher than two which become nonzero for
the distribution deviating from Gaussian. In the structure formation, non-Gaussianity
are generated because of the non-linear dynamics of the fluctuations, even though δ
is initially treated as a random Gaussian field, as a result of the generic prediction of
inflationary scenario.
For this purpose, we concentrate on the third and fourth order cumulants, which
are defined as < δ3 >c≡< δ
3 >, < δ4 >c≡< δ
4 > −3σ4 display asymmetry and non-
Gaussian degree of “peakiness”, respectively, for a given dispersion [1, 4]. Since it is
known that the scaling < δn >c∝ σ
2n−2 holds for weakly non-linear regions during the
gravitational clustering [7] from Gaussian initial conditions, we introduce the following
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normalized higher-order statistical quantities :
skewness : γ =
〈δ3〉c
σ4
,
kurtosis : η =
〈δ4〉c
σ6
.
The merit of adopting these definitions is, as stated above, that they are constants in
weakly nonlinear stage which are given by Eulerian linear and second-order perturbation
theory [1, 7]. For example, in the E-dS model smoothed with a spherical top-hat window
function (Eq. (21)), the skewness and the kurtosis are given by
γ =
34
7
+ y1 +O(σ
2) , (23)
η =
60712
1323
+
62
3
y1 −
7
3
y31 +
2
3
y2 +O(σ
2) , (24)
where
yp ≡
dp ln σ2(R)
d lnpR
, (25)
with smoothing scale R [7].
For this form of the skewness and the kurtosis, the effects of transients at large
scales from the ZA initial condition is also investigated by [33, 34] as
γtran = −
6
5a
+
12
35a7/2
, (26)
ηtran = −
816
35a
−
28y1
5a
+
184
75a2
+
1312
245a7/2
+
8y1
5a7/2
−
1504
4725a9/2
+
192
1225a7
. (27)
In the analysis of the non-Gaussianity, as we showed in Paper I, the dispersion
among samples is quite large. In this subsection, we do not show error bars in figures.
Fig. 2 shows the difference of the evolution of the density dispersion and non-
Gaussianity. Here we choose smoothing scale R = 1h−1 [Mpc]. The dispersion increases
monotonically. The difference of the dispersion with the initial conditions based on
3LPT and ZA is less than 2%. In other words, the effect of higher-order perturbations
seems percent order. Then the difference between dispersion with the initial conditions
based on the 2LPT and 3LPT perturbations is less than 0.1%. For the dispersion, the
effect of 3LPT seems almost neglectable.
The difference between non-Gaussianity with the initial conditions based on the
ZA and higher-order perturbations seems percent order. Therefore, when we require
1% accuracy for the non-Gaussianity, at least we should apply 2LPT for the initial
conditions. Furthermore, when we require 0.1% accuracy for the non-Gaussianity, at
least we should apply 3LPT for the initial conditions. For non-Gaussianity, the effect of
3LPT transverse mode is quite small. Because the difference of non-Gaussianity with
the initial conditions based on 3LPT varies between samples, it is hard to discuss the
effect of the transverse mode in 3LPT for the initial condition.
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Figure 2. The difference of the dispersion and non-Gaussianity of the density
distribution from N-body simulation (R = 1h−1 Mpc). Here we compare 3LPT and
other perturbations. In order to make the difference legible, plots are slightly shifted.
(a) The difference of the density dispersion. (b) The difference of the skewness. (c)
The difference of the kurtosis.
4. Summary
Recently, observations constrained several cosmological constants. In order to compare
theoretical predictions with observations, high accuracy for cosmological simulations has
been required. In precise simulations, a setup of initial conditions becomes one of most
important problem.
In this paper, we have discussed initial condition problem for cosmological N -
body simulations with Lagrangian perturbation theory (LPT). In standard method,
Zel’dovich approximation (ZA), i.e., first-order LPT (1LPT) have been applied for the
initial conditions for a long time. However, it is well known that ZA is insufficient
for description of the evolution for non-Gaussianity in the density field. The reason is
the existence of so-called transients, that is, the most dominant decaying mode arising
from our ignorance of the initial conditions. Crocce et al. [20] pointed out the effect of
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the transient for non-Gaussianity with initial conditions based on ZA and 2LPT. They
show that although 2LPT decreases the effect of the transient compared with ZA, it
still remains. In statistics quantities, such as non-Gaussianity and the spectrum, the
difference of several percent appears among both. Then in Paper I [21], we analyzed
the non-Gaussianity with the initial conditions based on 1LPT, 2LPT, and 3LPT.
Since 3LPT initial conditions are expected to provide exact results for the kurtosis
in the weakly non-linear region, we can evaluate the impact of transients from 2LPT
initial conditions. The initial conditions are set up at z ≃ 20, 30, 80. When we set the
initial conditions at z ≃ 80, the difference between the non-Gaussianity with the initial
conditions based on 2LPT and 3LPT almost disappears. In Paper I, the transverse
mode in 3LPT was ignored.
We have analyzed the effect of the transverse mode in 3LPT. In addition to non-
Gaussianity, the power spectrum has been analyzed. In all the comparison, the difference
of statistical quantities with the initial conditions based on 2LPT and 3LPT is sub-
percent order. In other words, when we require more than 1 % accuracy, we should set
up initial conditions for cosmological N -body simulations with 3LPT. Then the effect
of the transverse mode in 3LPT seems quite small. In the analysis for density field, the
transverse mode in 3LPT would be ignored.
Why the impact of the transverse mode in 3LPT is quite small for the density
field? We can explain the reason by the description of the density fluctuation with the
Lagrangian perturbation. Here we expand Eq.(3).
δ = −∇ · s+ (∇ · s)2 −
1
2
(
(∇ · s)2 − si,jsi,j
)
− (∇ · s)3 + (∇ · s)
(
(∇ · s)2 − si,jsi,j
)
− det (si,j) + · · · . (28)
The leading order of Eq.(28) is given by the divergence of the Lagrangian displacement
vector. The longitudinal mode of 3LPT causes third-order effect for the density
fluctuation. On the other hand, by the definition, the divergence of the transverse
mode of 3LPT disappears. Therefore the transverse mode of 3LPT gives fourth-order
effect for the density fluctuation. Here we set up the initial conditions in high-z region,
the impact of the transverse mode would be quite small. When we have interested in
peculiar velocity or the density field in redshift space, the transverse mode in 3LPT
would affect as large as the longitudinal mode in 3LPT.
Finally, we briefly mention applications of our study to observations of the near
future. Several projects which survey galaxies around z = 1 are carrying out or
planning [35, 36]. These results show not only the result of structure formation but also
its evolution. By comparison of theoretical prediction and observation, it is expected
that severe restriction is given to the nature of dark energy. Quite high-precision
theoretical prediction is required for this comparison. Our study about the initial
conditions will contribute to cosmological simulations for restricting dark energy models.
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